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Unit-01

Algorithm: It is a combination of sequence of finite steps to
solve a problem.

Properties of Algorithm

It should terminate after a finite time.

o It should produce at least one output.
o It should take zero or more input.
« It should be deterministic (unambiguous).

« It should be language independent.

Steps required to design an algorithm

Problem definition

Design algorithm ( choose from one of the available techniques)
Draw flow chart

Testing

Analyze the algorithm( Time complexity and space complexity)

o kA wN e

Implementation (Coding)




The main algorithm design techniques

1. Divide and conquer technique
2. Greedy technique

3. Dynamic programming
4.Branch and bound
5.Randomized

6. Backtracking

Brute Force technique

The simplest algorithm design technique is brute force
technique. Almost all problems can be solved by brute force
approach, although generally not with appreciable space and
time complexity.

For example, search for an element in a sorted array of
elements using linear search.




Void main(void){
int arr[]={1, 2, 3, 4, 5},i;
int search=4;
char flag="0’;
for(i=0;i<5;i++)

{
If(arr[i]==search)
flag=1;
break;

}
if(flag==1)
Printf(“found”);
else

Printf(“not found”);

Analysis of Algorithms

Efficiency of an algorithm can be analyzed at two different stages, before
implementation and after implementation. They are the following —

« A Priori Analysis — This is a theoretical analysis of an algorithm.
Efficiency of an algorithm is measured by assuming that all other




factors, for example, processor speed, are constant and have no
effect on the implementation.

« A Posteriori Analysis — This is an empirical analysis of an algorithm.
The selected algorithm is implemented using programming
language. This is then executed on target computer machine. In this
analysis, actual statistics like running time and space required, are
collected.

Writing a computer program that handles a small set of data is
entirely different from writing a program that takes a large number
of input data. The program written to handle a big number of input
data must be algorithmically efficient in order to produce the result
in reasonable time and space.

Asymptotic Analysis of Algorithms

Asymptotic analysis of an algorithm refers to defining the mathematical
boundation of its run-time performance. Using asymptotic analysis, we
can conclude the best case, average case, and worst-case scenarios of an
algorithm.

Asymptotic Notations:

1. O [Big-oh] ( upper bound/ worst case scenario )

2. Q [Big-omega] ( lower bound / best case scenario)
3. © [Big-theta] ( tight bound / average case scenario)
4. o [small-oh] ( Not tightly upper bound)

5. w [small omega] (Not tightly lower bound)




1. Big-oh Notation (O) : It denotes the upper bound of the runtime of
an algorithm. Big O Notation's role is to calculate the longest time an
algorithm can take for its execution, i.e., it is used for calculating
the worst-case time complexity of an algorithm.

Note: Most of the time, we are interested in finding only the worst-
case scenario of an algorithm (worst case time complexity).

Rimning Time

Input Size
We say that
f(n) =0 g(n) if and only if
f(n) <=c. g(n) for some ¢ >0 after n >= ny,>=0

For example :

1. Given f(n) = 2n?+3n + 2 and g(n) = n?, prove that f(n) = O g(n).

Solution :




Steps:

1. We have to show f(n) <= c. g(n) where c and ngare some positive
constants for all n which is >=ng

2. Now, find out the value of ¢ and ngsuch that the equation-(1) gets
true.

2n?+3n+2<=c.(n?) ... (1)

If we put c =7 then
2n?+3n+2<=7n?
Now, put n=1 which is ng
7<=7[True]

Hence, when c=7 and no-=1, f(n) =0 g(n) for all n which is > =ng

Note : We have to find out c and ng ( initial value of input n) to solve such
a question.

2. Omega Notation (Q): It represents the lower bound of the runtime of
an algorithm. It is used for calculating the best time an algorithm can
take to complete its execution, i.e., it is used for measuring the best-
case time complexity of an algorithm.




Sn) = L2(g(n))

We say that
f(n) = Q g(n) if and only if

f(n) >=c. g(n) for some ¢ >0 after n >= ny>=0

For example :
1. Given f(n) =3n + 2 and g(n) = n, then prove that f(n) = Q g(n)

Solution

1. We have to show that f(n) >= c. g(n) where ¢ and ng are some
positive constants for all n which is >=ng

2.3n+2>=c.n
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3. When we put c=1

4. 3n+2>=n

5. Putn=1

6. 5>=1[True]

7. Hence, when we put c=1 and ne=1, f(n)=Q g(n).

3. Theta Notation (0): It’s the middle characteristics of both Big O and
Omega notations as it represents the lower and upper bound of an

algorithm.

c2g(n)

filn)
c:g{n)

=7 o)
n
Mg
f(n) = ©(g(n))

We say that
f(n) = @ g(n) if and only if

cl.g(n) <=f(n) <= c2.g(n) for all n >=np>=0 and ¢ >0




For example

1. Given f(n) = 3n +2 and g(n) = n, prove that f(n) = @ g(n).

Solution
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1. We have to show that c1.g(n) <= f(n) <= c2.g(n) for all n >=ne>=0

and ¢ >0

cl.g(n) <=f(n) <= c2.g(n)

cl.n<=3n+2<=c2.n

Putcl=1,c2=4and n=2,then 2<=8<=8 [ True ]
Hence, f(n) = @ g(n) where c1=1,c2=4 and no=2.

Lk W

4. Small-oh [0] : We use o-notation to denote an upper bound that is
not asymptotically tight whereas big-oh ( asymptotic upper bound) may

or may not be asymptotically tight.

We say that

f(n) = o(g(n)) if and only if

0<= f(n) < c. g(n) for all values of c which is >0 and n>=ny>0
Or

Lim f(n)/g(n)=0
n->o0

For example

1. Give f(n) = 2n and g(n) = n?, prove that f(n) = o(g(n))
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Solution

Lim 2n/n?
n->o0

Lim 2/n
n->o0

Lim 2/ee =0
n->o0

Hence, f(n) = o(g(n))

5. w [small omega] : We use w-notation to denote a lower bound that is
not asymptotically tight.

We say that

f(n) = w(g(n)) if and only if

0 <=c. g(n) < f(n) for all values of c which is >0 and n>=n>0
Or

Lim f(n)/g(n) = oo
n->o0

For example

1. Given f(n)= n%/2 and g(n)=n, prove that f(n) = w(g(n)).
Solution

Lim n?/2 /n
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N->o0°

Lim n/2
n->o00

Limeo /2 =00
n->o0

Hence, f(n) = w(g(n))

Complexity of Algorithms

1. Time complexity
2. Space complexity

Algorithms can be broadly divided into two groups :

1. Iterative algorithms ( having loop(s) )
2. Recursive algorithms (having recursion)
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Time complexity

Time complexity of algorithms: The time complexity of an
algorithm is not equal to the actual time required to execute a

particular code but “Ehe/nUmber of times a particular statement

Have a close look at the below code to understand the above
statement in green.

#include<stdio.h>

Void main(void)

{ Cost times
inti, n=20; C1 1
for(i=1;i<=n;i++) C2 n+1

printf(“MIET”); C3 n

}

T(n)=C1*1 +C2*(n+1) + C3* n

After eliminating constant terms, we get time complexity in terms
of n; (n) - linear time
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Note : The RAM (Random Access Machine) model is used for analyzing
algorithms without running them on a physical machine.

The RAM model has the following properties:

. A simple operation (+, \, *, -, =, if) takes one-time step.

. Loops are comprised of simple operations.

. Memory is unlimited and access takes one-time step ( one unit of
time).

Time complexity of iterative programs

Note: If a program doesn’t have loop(s) as well as recursion, then it
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Pattern-01 When there is no dependency between loops

Al) Al()
{ {
int i, j; int i,j,k;
for(i=1ton) for(i=1ton)
for(j=1ton) for(j=1ton)
pf(“MIET”); //It for(k =1 to n)
will be printed n? times . pf(“MIET”);//n3
} }
Time complexity is O(n?) Time complexity is O(n3)

Pattern-02 When there is a dependency between loops ( having more
than one loop) or statements inside a loop and the loop

Note — We have to unroll loops in order to find out the number of times
a particular statement gets executed.
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Al)

{

1. inti=1,j=1;

2. while(j<=n)
{

3. i++

4. j=j+1i;

5. pf(“MIET”); // We need to know the no of times it’ll be printed
}

Solution :

We have to find out the number of times “MIET” will be printed to know
the time complexity of the above program. We can see that there is a
dependency between line number 2 (while loop) and 4( the value of “j”

auizn

inside “while loop” depends on “j” on line number-4).

i=1,2,3,4, ..k
j=1,3,6,10 ... k(k+1)/2 [ the sum of first “K” natural numbers]

k(k+1)/2 = n+1 [ when the value of “n” gets n+1, condition gets false]
k? =n [ We eliminate constant terms, consider only variable.]

k =Vn Time complexity is O(Vn)

Shahid
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A()

{
int i, j, k;
for(i=1;i<=n; i++)
{
for(j=1;j<=1i; j++)
{
for(k =1; k < 100; k++)
{
PF(“MIET”);
}
}
}
}

There is a dependency between second and first loop; therefore, we will
have to unroll the loops to know the number of times “MIET” will be
printed.

i=1 i=2 i=3 i=n
j=1 j=2 j=3 j=n
k= 1*100 k=2*100 k=3*100 k=n*100

1*100 + 2*100+3*100 +...+n*100
100( 1+ 2+3 +...n)
100( n(n+1)/2) =50*n2 + 50*n

Shahid
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Time complexity = O(n?) [ We remove constant terms and smaller
terms as well.]

Al)
{

inti;
for(i=1; i<n;i=i*2){
pf(“MIET”);
}
}

As loop is not getting incremented by one, we will have to carefully
calculate the number of times “MIET” will be executed.

i=1,2,4,...,n
After Kt iterations, “i” gets equal to “n”:
i=1,2,4,...,n
lterations= 20, 21 22 .. 2k
2¥=n
Convert it into logarithmic form... [ If a® = ¢, we can write it log.c = b |
k =logzn
O(logn)

Shahid
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Time complexity of recursive programs

To find out time complexity of recursive programs, we have to write
recurrence relation for the given program and then solve it using one of
the following methods:

lteration method (Back substitution) method
Recursion-tree method

Master method

Forward substitution method (Substitution Method)
Changing variable method

A wbh e

Let’s learn how to write a recurrence relation for the given program
having a recursive call/function.

Note : Each recursive algorithm/program must have a stopping condition
( anchor condition/base condition ) to stop recursive call.

A(n)
{

if( n > 0) // Stopping condition for the recursive call

{
PF(“MIET”);

A(n-1); // Calling itself( recursive function)

Shahid
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We assume that T(n) is the total time taken to solve A(n), where n is
the input. It means that this T(n) is split up among all statements inside
the function i.e., time taken by all instructions inside a function is equal
to T(n).

Note : “If’- comparison and “print”- memory access take constant
amount of time, and we can use either 1 or C to indicate it. When “if-
condition” gets false, it takes again constant amount of time.

Recurrence relation for the above program is given below:
T(n) = T(n-1) + 1 when n>0

1 When n =0 ( stopping condition )

#Mixed ( iterative + recursive )

A(n)
{
If(n>0) ... 1
{
for(i=0; i<n; i++) .. N1
{
PF(“MIET”); . n
}
A(n-1); ....T(n-1)
bl

Shahid
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T(n-1) + n when n>0
T(n) =
1 Whenn=0

#Factorial of a number

fact(n)

{
if(n<=1)
return 1;
else
return n*fact(n-1); // here “*” takes constant time

Note: Left side of the * is the first operand, cannot be included in the
equation.

T(n) = T(n-1) + ¢ when n>1

= 1 when n <=1

Shahid
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#Fibonacci number Fn

fib(n)
{
if(n==0)
return O;
else if(n==1)
return 1;
else
return fib(n-1)+ fib(n-2);
}

T(n) =T(n-1)+ T(n-2) + 1 when n>1

1 unit of time when n<=1

1. Iteration method (backward substitution) for solving recurrences

T(n-1) + 1 when n>0
T(n) =
1 Whenn=0
Tn)=T(n-1)+1 .orrrreen. (1)

T(n-1)=T(n-2) +1

Shahid
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T(n-2) =T(n-3) +1

Back substitute the value of T(n-1) into (1)
T(n)=[T(n-2)+1] +1
TN)=T(N-2)+ 2 oo (2)

Now, substitute the value of T(n-2) into (2)
T(n) = [T(n-3)+1]+2

T(N)=T(N-3)43 oo (3)
= T(n-k)+k [ Assume n-k=0so, n=k]
= T(n-n)+n
=T(0) +n [ T(0) =1is given ]
=1+n
T(n) =0(n)

T(n-1) + n when n>0
T(n) =
1 Whenn=0
TN)=T(N-1) + N e (1)

T(n-1)=T(n-2)+ n-1

Shahid



T(n-2)=T(n-3) + n-2

Substituting the value of T(n-1) into (1)
T(n)=[T(n-2)+(n-1)]+n

T(N)=T(N-2) + (N-1) + N eerererreeereeee (2)
Substituting the value of T(n-2) into (2)

T(n) = [ T(n-3) +(n-2) ] + (n-1)+n

T(n) =T(n-3) + (n-2) + (N-1) +N cevverrrereee (3)

T(n) = T(n-k)+(n-(k-1))+ (n-(k-2))+. .. +(n-1) + n ............ (4)
Assume that n-k=0
Therefore n=k
In place of k, substitute “n” in the equation (4)
T(n) =T(n-n) + (n =(n-1)) + (n- (n-2) +. .. (n-1) +n
T(n)=T(0)+1+2+...(n-1)+n
T(n) = 1+ n(n+1)/2
=0(n?)

25
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Solve the recurrence using back substitution method

T(n) = 2T(n/2) +n [previous year question]

Base condition is not given in the question; therefore, we assume that

when n=1 (base condition), it takes 1 unit of time.

T(N) =2T(N/2) + N e, (1)

T(n/2)=2T(n/4) + n/2
T(n/4)=2T(n/8) + n/4

Substituting the value of T(n/2) into (1), we get
T(n)=[2(2T(n/4)+n/2)+ n]
T(N) = 22T(N/4) + 2N oo, (2)

Substituting the value of T(n/4) into (2), we get
T(n) =[4 (2T(n/8) + n/4) + 2n

=23T(n/8) + n + 2n

= 23T(N/23) + 3N (3)

Shahid
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= 2KT(N/25) F KEN e (4)
Assume that (n/2%) = 1, then
2 =n
logzn =k
T(n) =nT(1) + n |ogn

= n+ nlogn= O(nlogn)
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Recursion-tree method for solving recurrences

Type- 01 ( Reducing function )
Steps:

1. Make T(n) as the root node

2. Draw the tree till two to three levels to calculate the cost and
height

3. If the cost at each level is same, multiply it with the height of tree

to get time complexity.
4. If the cost at each level is not same, try to find out a sequence .

The sequence is generally in A.P or G.P.

Shahid
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Type-2 ( Dividing function when the size of sub-problems is more than
one and same)

Steps:
1. Make the last term as the root node
2. Draw the tree till two to three levels to calculate the cost and
height
3. If the cost at each level is same, multiply it with the height of tree

to get time complexity.
4. If the cost at each level is not same, try to find out a sequence..

The sequence is generally in A.P or G.P.

Shahid
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Q Explain Binary Search Algorithm. Also solve its recurrence relation.

It is a searching algorithm used in a sorted array by repeatedly dividing
the search interval in half. The idea of binary search is to use the
information that the array is sorted and reduce the time complexity to
O(Log n).
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Note: If the number of sub-problems is only one, follow Type-1

approach only.
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3 Master Method to solve recurrences
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4. Substitution method for solving recurrences [ Forward
Substitution method]
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2 Q1) + N

R e n/HCHN)

Q. Solve by substitution method ( Forward substitution method):

a. T(n)=n*T(n-1) ifn>1;T(1)=1 ... [A]
Solution:
Step 1: Guess the solution

T(n)=0(n")....... [1] [You can easily get it using iteration method.]

Step 2: Now, we have to prove that our assumption is true using
property of mathematical induction.

T(n) <=c.n" from equation-[1]
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Now, put n=1 in equation-[1]
T(1)<=c. 1

1<=c.1 [Trueforc>=1,n0=1]

It should be true 1, 2,3, ...,k
T(k) <= c. k¥ [ 1<=k <=n]
When we move forward from 1 to n somewhere we get k = n-1.

T(n-1) <=c. (n-1) Y e [2]

Now, put the value of T(n-1) into equation [A].
T(n)<=n * c. (n-1)(")
<=c*n*(n-1) ™V
<=c*n*n" [ifn-1=n]
<= cn *n" [ we consider only bigger term]
<=n*n" [ We remove constant term(s)]
<= nn+1
<=n"

Hence, T(n) = O(n") proved
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Sorting Algorithms and their Analysis
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Shell-Sort Algorithm
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Apply Merge sort on the array {9, 6, 5, 0, 8,5} and also write down its

time complexity.
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Heap Sort Algorithm
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Q What do you understand by a stable sort? Name two stable sort

algorithms.

A sorting algorithm is said to be stable if two objects having equal keys
appear in the same order in sorted output as they appear in the input
data set. For example, Insertion and Counting sorts.

Sorting in linear time O(n)

1. Count sort
2. Radix sort
3. Bucket sort
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Unit-02

Red-Black Tree

It is a Binary Search Tree (BST) with one extra bit of storage per node: its
color, which can be either red or black.

Properties of RB Tree:

B wnNne

Every node is either red or black.

The root is black.

Every leaf node (NIL) is black.

If a node is red, then both its children are black. It means we need
to avoid red-red (RR) conflict.

For each node, all simple paths from the node to descendant
leaves contain the same number of black nodes.
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Fig — Red Black Tree
Q1. Explain various rotations in an RB Tree.

We have four types of rotations in RB tree like AVL tree:

1. Left-Left (LL) problem: Needs a single right rotation

2. Right-Right (RR) problem : Needs a single left rotation

3. Left-Right (LR) problem: Needs one left and then one right
rotations.

4. Right-Left (RL) problem: Needs one right and one left rotations.

Note: We have to recolor only those nodes which are involved in
rotation. When dealing with RL or LR rotation, we have to recolor only
last rotated nodes.
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Q2. Compare the properties of AVL tree with RB Tree.

Basis of Red Black Trees AVL Trees
comparison
Lookups Red Black Trees has fewer lookups because they are not AVL trees provide faster lookups than Red-Black
strictly balanced Trees because they are more strictly balanced.
Colour In this, the color of the node is either Red or Black. Inthis, thereis no color of the node.
Insertion and Red Black Trees provide faster insertion and removal AVL trees provide complex insertion and removal
removal operations than AVL trees as fewer rotations are done due operations as more rotations are done due to
to relatively relaxed halancing. relativaely strict balancing
Storage Red Black Tree requires only 1 bit of information per node. AVL trees stora balance factors or heights with
each node thus requiring storage for an integer per
node
Searching It does not provide afficient searching. It provides efficient searching.
Uses Red-Black Trees are used in most of the language libraries AVL trees are used in databases where faster
like map, multimap, multiset in C++, elc. retrievals are reguired.
Balance Factor It does not gave balance factor Each node has a balance factor whose value will be
10-1
Balancing Take less processing for balancing i.e.; maximum two Take more processing for balancing

rotation required

Q3. Write an algorithm for insertion of keys in an RB Tree and
also insert the following keys <5,16,22, 25, 2,10,18,30,50,12,1> in
an empty RB Tree.

Algorithm for insertion
1. If the tree is empty, create a new node as the root node with
color “black”.

2. If the tree is not empty, then insert the new node with color
“red”.

3. If the parent of the new node is “black”, then exit.
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4. If the parent of new node is “red”, then check the color of
parent’s sibling, which is the uncle of the newly inserted node.

4(a) If its color is black or Null ( no uncle ), then make suitable
rotation(s) and recolor the last rotated nodes only.
4(b) If its (uncle’s) color is red, recolor the following nodes:

1. Uncle

2. Parent
3. Grandfather —if it is not the root of the tree.

Again, check if the tree is an RB tree or not. If not, then consider
grandfather as a newly inserted node and apply line number -4 again.
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Q4. Explain about double black node problem in RB tree.

When a black node is deleted and replaced by a black child, the child is
marked as double black. The main task now becomes to convert this
double black to single black.
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Q5. Construct an RB Tree, and let h be the height of the tree and n be
the number of internal nodes in the tree. Show that h<= 2log,(n+1).
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Q6. Define B-Tree with its properties.
B tree is an m-way search tree with the following restrictions:

1. The root node must have at least two children.

2. Every node except root and leaf nodes must have at least [ m/2
children.

3. All leaf nodes must be at the same level.
4. Creation process is bottom up.
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Q6. Using the minimum degree m= 3, insert the following sequence of
integers 10, 25, 20, 35, 30, 55, 40, 45, 50, 55, 60, 75, 70, 65, 80, 85,90 in
an initially empty B-Tree.
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Q7. Define Binomial Tree and mention its properties.

Ll . 1
s | ! T_!' e I )
{5 N
I_'1
4 7

| » . a
S, > :
o
\ . -
o] & ombicks S 19
_"'\ i | ._;I. __E |
0 L / T ' =
|| s
I\ o™/ S\
L \
W P e il 1 [ 5
'3 " \ - :
-1 {
( A e X
_(_’f \_;- !I_
1_\

111

Shahid



P"rol':vw-hne‘g g@ Aonomial dvee CBKJ Z;L \t'
I Theve one ‘;2){‘ Nodes . \\

M A
The he‘j’wﬂ%ﬁ’}?eﬁ_é«i k.

5 * I E &
ere.  ye Q_Xﬁf«[-.fy Ke. Mo des af  dlep ﬁf{ & ré=o
. RN g . o ‘
& . ;
I The ook has r};zqm-- k, wdndy & grealey Hin

‘T'-tﬁw 'hwlr/gr

9 y 5 ;
'-f ¢y e Cnl v "'-{ {5 ver b OWe '}!”m!"’“‘{
[(r 0 WM |f“ o *1{{;1!@ 11}, el g Re2 o o 5 lﬂ’a,-“m“
Child ¢ oy 1h vml '-_(, 0 Lulbtes Y

Lep>* venid e ahev ‘mf eadie . oy
oy e el /‘. LLLy w £l it 1]:9. -:1"_'5
tvee B 7 fi F

Qﬁc‘] = 3t Cenaisks 'Tg; 4wo B Bnsmmal Aves,

Ay

14 9% nodes = ,.'.'?"'1.~:@ i

o - Helgif = 4
3. .

g "'!'ﬂ(i‘l.i‘.& E’I.!‘ d{_‘}h% :' Ay € =0, ,ﬁ"‘?':l‘-’._
> K

(kD)

112

Shahid



113

Shahid



114

Q8. Define Binomial heap, write an algorithm for union of two Binomial
heaps and also write its time complexity.
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Time complexity : O(Log(n))

Q9. Draw the Binomial heap for a given A, A=[7,2,4,17,1, 11, 6,
8,15,10, 20]

Steps:

1. Create a Binomial heap H! containing a new element (key).
2. Apply union operation between the two Binomial min heaps H and
HL,
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Q10. Define Fibonacci heap and also compare the complexities of Binary

heap, Binomial heap and Fibonacci heap.
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Q11. Explain the extracting minimum node operation of Fibonacci heap
with example.

This operation is accomplished by deleting the minimum key node and
then moving all its children to the root list. It uses the process called
“consolidate” to merge the trees having same degree.
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Steps:

1. Delete the minimum node .

2. Join the root list of deleted node’s descendants to the root list of
original root list.

3. Traverse left to right in the root list
3.a Find new minimum.
3.b Merge trees having same degree.

4. Stop after having every tree with unique degree.

Example,
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Q12. Define Skip List and Trie with example.
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Q14. Insert strings < ten, test, car, card, nest, next, tea, tell, park, part,
see, seek, seen> in an empty Trie data structure and also compress the
Trie.
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Unit-03

Divide and Conquer: It is one of the algorithm design techniques in
which the problem is solved using the divide, conquer and combine
strategy.

Divide: This involves dividing the problem into smaller sub-problems.
This step generally takes a recursive approach to divide the problem
until no sub-problem is further divisible.

Conquer: This involves solving sub-problems by calling them recursively
until solved.

Combine: When the smaller sub-problems are solved, this stage
recursively combines them until they formulate a solution to the original
problem.

Following are some standard algorithms that follow Divide and conquer
approach:

. Quick sort

. Merge sort

. Strassen’s algorithm for matrix multiplication
. Closest pair of points

o A W N B

. Convex Hull algorithm
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Q1. Describe the Convex-Hull problem with a suitable example.

Given a set of points, a Convex Hull is the smallest convex polygon
containing all the given points.

Quickhull Algorithm [ Divide and Conquer Algorithm]

Let P[0...n-1] be the input array of points. Following are the steps for
finding the convex hull of the points.

1. Find the point with the minimum X-coordinate. Let’s say, min_x and
similarly the point with the maximum X-coordinate, max_x.

2. Make a line joining these two points, say L. This line divides the
whole set into two parts. Take both parts one by one and proceed
further.

3. For a part, find the point P with the maximum distance from line L.
P forms a triangle with the points min_x and max_x.

Shahid



135

4. The above step divides the problem into two sub-problems, which
are solved recursively. Now, the line joining the points P and min_x
and the line joining the points P and max_x are new lines, and the
points residing outside the triangle are the set of points. Repeat
line number 3 till there is no point left with the line. Add the
endpoints of this point to the convex hull.
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Find a convex hull of a set of points given on the next page.
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Q2. Compare and contrast BFS and DFS. How do they fit into the
decrease and conquer strategy?

Decrease and Conquer Strategy: The name ‘divide and conquer’ is used
only when each problem may generate two or more sub-problems. The
name ‘decrease and conquer’ is used for the single sub-problem class.
The Binary search rather comes under decrease and conquer because
there is one sub-problem. Other examples are BFS and DFS.

BFS (Breadth First Search )

1.

AW

It is a traversal approach in which we first walk through all nodes on the
same level before moving on to the next level.

It uses Queue data structure.
It is more suitable for searching vertices closer to the given source.
It requires more memory.

It considers all neighbors first and therefore not suitable for decision-
making trees used in games or puzzles.

DFS (Depth First Search)

1.

It is also a traversal approach in which the traversal begins at the root
node and proceeds through the nodes as far as possible until we reach
the node with no unvisited nearby nodes.

It uses stack data structure.

It is more suitable when there are solutions away from source.

It requires less memory.
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5. Itis more suitable for game or puzzle problems. We make a decision, and
the then explore all paths through this decision. And if this decision leads
to win situation, we stop.

Greedy Method of Algorithm Design

As the name suggests it builds up a solution piece by piece locally, always
choosing the next piece that offers immediate benefit. The main function
of this approach is that the decision is taken on the basis of the currently
available information.

Let’s understand it with a suitable real-life example.
Suppose we want to travel from Delhi to Mumbai shown as below:
Problem (P) : Delhi(D) 2 Mumbai (M)

There are multiple solutions to go from D to M. We can go by walk, bus,
train, airplane, etc., but there is a constraint in the journey that we have
to travel this journey within 16 hrs. If we go by train or airplane then
only, we can cover this distance within 16 hrs. Therefore, we have
multiple solutions to this problem, but only two solutions satisfy the
constraint, which are called feasible solutions.

If we say that we have to cover the journey at the minimum cost, then
this problem is known as a minimization problem.

Till now, we have two feasible solutions, i.e., one by train and another
one by air. Since travelling by train cost us minimum, it is an optimal
solution. The problem that requires either minimum or maximum result
is known as an optimization problem. Greedy method is one of the
strategies used for solving the optimization problem. A Greedy algorithm
makes good local choices in the hope that the solution should be either
feasible or optimal.
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Pseudo code of Greedy Algorithm

Greedy(arr([], n)
{

Solution = 0;
fori=1ton
{

x = select (arr[i]);

if feasible(x)
{

Solution = solution + x;

}

Initially, the solution is assigned with zero value. We pass the array and
number of elements in the greedy algorithm. Inside the for loop, we
select the element one by one and checks whether the solution is
feasible or not. If the solution is feasible, we add it to the solution.

Applications of Greedy Algorithm

o ltis used in finding the shortest path.

o It is used to find the minimum spanning tree using the prim's algorithm or the Kruskal's

algorithm.
o Itisusedin ajob sequencing with a deadline.

o This algorithm is also used to solve the fractional knapsack problem.
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Q3. Describe optimization problem, feasible solution and optimal
solution.

Optimization problem — An optimization problem is the problem of
finding the best solution ( either minimum or maximum) from all feasible
solutions. We have the following methods to solve optimization
problems:

1. Greedy
2. Dynamic programming
3. Branch and bound

Feasible solution - Most of the problems have ‘n” inputs and require us
to obtain a subset that satisfies some constraints. Any subset that
satisfies these constraints is called a feasible solution. A problem can
have many feasible solutions.

“ A feasible solution satisfies all the problem’s constraints.”

Optimal solution - It is the best solution out of all possible feasible
solutions.

Q4. What is principle of optimality?

A problem is said to satisfy the Principle of Optimality if the sub solutions
of an optimal solution of the problem are themselves optimal solutions
for their subproblems. For example, the shortest path problem satisfies
the principle of optimality.
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Q5. Differentiate between Greedy approach and Dynamic programming
approach.

Greedy Approach:

1. We make a choice that seems best at the moment in the hop that
it will lead to global optimal solution.

2. It does not guarantee an optimal solution.

3. It takes less memory.

4. Fractional Knapsack is an example of Greedy approach.

Dynamic Programming Approach:

1. we make a decision at each step considering current problem
and solution to previously solved sub problem to calculate
optimal solution.

2. It guarantees an optimal solution.

. It takes more memory.

4. 0/1 Knapsack is an example of Dynamic programming
approach.

w

Q6. Find an optimal solution to the fractional knapsack instances
n=7 and knapsack capacity m=15 where profits and weights are as
follows (p1,p2, ...,p7) =(10, 5, 15, 7, 6, 18, 3) and (w1, w2, .. .,
w7)=2,3,5,7,1, 4, 1) respectively.

Capacity of knapsack(bag) = 15
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We have to put objects in the bag (knapsack) such that we should get
maximum profit.

Selection of the object can be entirely (x=1), in fraction ( 0<=x<=1) or
not selected ( x=0).

Object Profits Weights | P/W
1 10 2 5

2 5 3 1.6
3 15 5 3

4 7 7 1

5 6 1 6

6 18 4 4.5
7 3 1 3

We select an object according to its P/W ratio. An object with
maximum P/W ratio will be selected first and then second maximum
P/W ratio and so on.
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Remaining = Capacity of Knapsack- Weight of the selected object

Final table according to increasing P/W ratio

Objects | Profits(P) | Weights | P/W Remaining | Selection(X)
5 6 1 6 15-1=14 1

1 10 2 5 14-2=12 1

6 18 4 4.5 12-4=8 1

3 15 5 3 8-5=3 1

7 3 1 3 3-1=2 1

2 5 3 1.66 2-2=0 2/3

4 7 7 1 0 0

Object-4 is not selected; therefore, value of x for this object is zero.
Object-2 is selected only 2kg out of 3kg, so its value for x is (2/3).

Profit = X; * P;
Profit=1*6 + 1*10 + 1*18 + 1*15 + 1*3+ (2/3) * 5 + 0*7

=6+10+18+ 15+ 3+3.3 +0
=55.3
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Q7. Define spanning tree and minimum spanning tree with an
example.

Spanning Tree — It is a subset of graph G having all its vertices covered
with minimum possible number of edges. If there are ‘n’ vertices in
an undirected connected graph, then every possible spanning tree
out of this graph has “n-1” edges. It does not have a cycle.

Minimum Spanning Tree (MST) — An MST for a weighted, connected,
undirected graphisaspanning tree having a weight less than or equal
to the weight of every other possible spanning tree.

Example:
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Prim’s Algorithm for finding an MST
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Q8. Give an example of an MST using Prim’s algorithm for a
connected graph.
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Kruskal’s Algorithm for finding an MST

Algorithm:

1. Sort all the edges in increasing order of their weight.

2. Pick the smallest edge. Check if it forms a cycle with the spanning tree
formed so far. If cycle is not formed, include this edge. Else, discard it.

3. Repeat step#2 until there are (V-1) edges in the spanning tree.

Single Source Shortest-Paths Problem

1. Dijkstra’s Algorithm (Greedy )
2. Bellman-Ford Algorithm (Dynamic)

Given a graph G = (V, E), we want to find a shortest path from a given
source vertex s € V to each vertex ve V.,

1. Dijkstra’s Algorithm for Single Source Shortest Paths

Dijkstra’s algorithm solves the single source shortest-paths problem on
a weighted graph G = (V, E) for the case in which all edge weights are
nonnegative. It works for directed as well as undirected graph.
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DUKSTRA(G, w, s)
I INITIALIZE-SINGLE-SOURCE(G. s)

2 S =
3 0=6GY
4 while O # 0
5 u = EXTRACT-MIN(Q)
6 8§ = 8 U {u}
7 for each vertex v € G.Adj[u]
o RELAX(u., v, w)
— -
&PTJIY e qﬁat"iﬂf = "U-'[.‘I‘L Seurce Skt bﬁ‘h‘ ﬂbﬁ;‘\{\;’-

ov W, “E’“DNT‘L& aa_a‘;i&,.‘
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2. Bellman-Ford Algorithm (Dynamic)
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Unit-04

Dynamic Programming

It is one of the algorithm design techniques used to solve optimization
problems. It is mainly an optimization over plain recursion. Wherever we
encounter a recursive solution with repeated calls for the same inputs, we
can optimize it using Dynamic Programming. The idea is to store the
results of subproblems so that we do not have to re-compute them when
needed later. This simple optimization reduces time complexities from
exponential to polynomial.

Principle of Optimality : The principle of optimality, developed by
Richard Bellman, is the basic principle of dynamic programming. It states
that in an optimal sequence of decisions, each subsequence must also be
optimal.

Memoization : It is the top-down approach (start solving the given
problem by breaking it down) . If we want, we can use this approach in
Dynamic programming as well, but we generally use iterative method
(tabulation method), which is the bottom-up approach, in Dynamic
programming.

Let’s try to understand Dynamic Programming approach with a suitable example.
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Find Fibonacci terms using plain recursion ( recursive program).

Fibonacciseries: 0 1 1 2 3 5. . .

Fn:0 1 2 3 45 . . . (Fibonacciterms starting from zero (Fo))
F3 term=2 , F1 term=1 , F4 term=3, etc.

int fib(int n)
{
if(n<=1)
return n;
return fib(n-2) + fib(n-1);
}

n if nc=1

T(n) = T(n-2) + T(n-1) +1 if n>1

Time complexity ( Upper bound )
T(n) =2T(n-1)+1 [ Since T(n-1) is almost equal to T(n-2)]

Using master method for decreasing functions, we get the time
complexity O(2") , which is exponential.

Now, try to observe repeated recursive calls for the same argument
(input value ) using a recursive tracing tree.
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CHONRUD) |G

(n° &) *“h\
o%*/if:)/ (0 )

i-:sj )

F%_i: ﬁariﬁ +ree for %‘bqs)

Count of Repeated Recursive calls in fig 1:

fib(3) — 2 times repeated, fib(2) — 3 times repeated, fib(1) — 5 times
repeated, and fib(0) -- 3 times repeated

We have got repeated recursive calls for the same input. It makes this
approach have exponential running time. It is where Dynamic
Programming approach comes into the picture, which reduces time
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complexity drastically by avoiding repetitive computation for the same
recursive call.

Find Fibonacci terms using memoization ( Dynamic Programming Approach).
int F[20];  // Global array

int fib(int n)  // Function definition

{

ifln<=1)
return n;

if(F[n] !=-1)
return F[n];

F[n] = fib(n-2) + fib(n-1); // recursive call
Return F[n];
b

void main(void)

{

int i, result=0;

for(i=0;i< 20; i++)
F[i] =-1;
result = fib(5);
printf(“%d”, result); }
From the above example, we can observe the following points:

If we use memoization method to solve the same problem, we don’t
have to go for repetitive computation for the same recursive calls. It
means for fib(5), we have to compute recursive function calls only 6

times ( fib(5), fib(4), fib(3), fib(2), fib(1) and fib(0)).

If we generalize it for fib(n), the number of recursive calls will be n+1.It
means time complexity will be O(n)- linear.
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Note — We generally don’t use the memoization method in Dynamic
programming as it consumes more space due to recursion.

Note — Memoization follows top-down approach.

Iterative Method (tabulation method) for the Same Problem [
bottom-up approach]

int F[20];

int fib(int n)
{
if(n <=1)
{
return n;
}
F[0]=0;
F[1]=1;
for(inti=2;i<=n; i++)
{
F[i]= F[i-2] + F[i-1];
}

return F[n];

}
1. 0/1 Knapsack Problem

The knapsack problem deals with putting items in the knapsack based
on the value/profit of the items. Its aim is to maximize the value inside
the bag. In 0-1 Knapsack, you can either put the item or discard it; there

is no concept of putting some part of an item in the knapsack like
fractional knapsack.
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Q. Find an optimal solution to the 0/1 Knapsack instances n=4 and
Knapsack capacity m=8 where profits and weights are as follows p= {1,
2,5,6}andw =12, 3, 4, 5}

Note — If weights are not given in the increasing order, then arrange
them in the increasing order and also arrange profits accordingly.

The matrix (mat[5][9]) will contain 9 columns ( as capacity (m) =8 is
given) and 5 rows (as n=4 is given)

Pi = profits
Wi = weights
i= Objects

Formula to fill out cells : mat[i, w] = max ( mat[i-1, w], mat[i-1, w-weight[i]+ p[i])

Short-cut to fill the table

1. Fill the first row and the first column with zero.

2. For the first object, check the weight (w;) of the first object, which
is 2. We have capacity w=2, so place profit of this object in the cell
having capacity of 2 units (mat[1][2]=1). So far, we have only one
object to consider , so we can put the first object (i = 1) having 2
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units of weight (w1 = 2 ) in the knapsack having capacity (w)
3,4,5,6,7 and 8 units. Therefore, fill mat[1][3], mat[1][4], mat[1][5],
mat[1][6], mat[1][7] and mat[1][8] with 1.

. For the cell(s) left side of the current cell, we just consider the
maximum value between left side and above of the current cell. For
example, for the left side of mat[1][2], we need to pick
max(mat[1][1], and mat[0][2]), which is 0. Therefore, place zero in
the mat[1][1].

. For the second object, weightis given 3 units. Now, we can consider
two objects ( 1 and 2) together. The second object having 3 units of
weight can be placed in the cell [2][3] having 3 units of capacity.
Both objects together have 5 units of weight, which can be placed
in the cells [2][5], [2][6], [2][7] and [2][8] having 5 units of capacity.
For the cell [2][2], pick max(mat[2][1], mat[1][2]) which is 1. And
follow the same for the cell [2][4].

. For the third object, 4 units of weight is given. Now, we can
consider three objects (1,2, and 3 objects) together . Weight of the
third object is 4 units , so we can place its profit (5) in the cell [4][4]
having 4 units of capacity. Objects 2 and 3 together have 7 units of
weight and 7 units of profit (5+2), so we can place them in the cell
[3][7] having 7 units of capacity. Object 1 and 3 together have 6
units of weight, so we can place them in the cell [3][6] having 6
units of capacity. To fill out remaining cells , follow above steps.
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Maximum profits =8 ( placed in the last cell of the matrix )
Selection of objects Xi=X1 X2 X3 X4 (0101)

Only objects 2 and 4 have been placed in the knapsack to gain
maximum profit.

Capacity(w)
Instances/
Objects (i)
0 1 2 3 4 5 6 7 8 sl

P; Wi 0 0 0 0 0 0 0 0 0 0
1 2 1 0 0 1 1 1 1 1 1 1
2 3 2 0 0 1 2 2 3 3 3 3
5 4 3 0 0 1 2 5 5 6 7 7
6 5 4 1o (0 |1 |2 |5 |6 |6 |7 |8

2. Single Source Shortest Path using Bellman-Ford Algorithm (
Dynamic Programming)

Kindly refer unit-03

3. All Pairs Shortest Path ( Floyd-Warshall Algorithm)
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Apply Floyd-Warshall algorithm on the below graph:
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4. Matrix Chain Multiplication Problem

We are given n matrices A1, A2, .... , An and asked in what order these
matrices should be multiplied so that it would take a minimum number of
computations to derive the result.

Two matrices are called compatible only if the number of columns in the first matrix
and the number of rows in the second matrix are the same. Matrix multiplication
is possible only if they are compatible. Let A and B be two compatible matrices of
dimensions p x gand g x r. Each element of each row of the first matrix is multiplied
with corresponding elements of the appropriate column in the second matrix.

The total number of multiplications required to multiply matrix A and matrix
Bispxqgxr.

Suppose dimension of two matrices are :
A1=5x4
A2=4x3

Resultant matrix will have 15 elements ( 5 rows and 3 columns ), and each
element in the resultant matrix is derived using 4 multiplications. It means 60
(5 x 4 x 3) multiplications are required.

We cannot multiply A2 = (4 x 3) and A1 = (5 x 4) as column of A2 and row of
A1 are different. Therefore, we can parenthesize A1 and A2 in one way only
i.e., (A1 x A2).

Shahid



174

Suppose dimension of three matrices are :

A1=5x4
A2=4%x6
A3=6X2

1. In how many ways can we parenthesize them?
2. How many multiplications are required to derive the resultant matrix?

Formula to find out all valid combinations:  1/n x 2n=1C,.

For n=3

1/3 x *C,

1/73 x 4! /2! *(4-2)!

1/3 x 4x3x2!/2!*2!

173 x 4x3/ 2!

=2 ( We can parenthesize these three matrices only in two ways.)

A. Al ( A2 X A3) [ First possible order of multiplication ]
(5x4){(4x6)(6x2)} [ Herelasttwo matrices require 48 multiplications]
(5x4)(4x2) [ Heretwo matrices require 40 multiplications |
Total 88 multiplications are required.

B. (A1 X A2) A3 [ Second possible order of multiplication ]
{(5X4)(4X6)}(6X2)
(5X6)(6X2)
Total 180 multiplications are required.

The answer of both multiplication sequences would be the same in the
resultant matrix having 5 rows and 2 columns, but the numbers of
multiplications are different. This leads to the guestion- what order
should be selected for a chain of matrices to minimize the number of
multiplications to reduce time complexity?
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Travelling Salesman Problem using Least Cost Branch and Bound

In this Problem, a salesman must visits n cities. We can say that salesman
wishes to make a tour, visiting each city exactly once and finishing at the
city he starts from. The goal is to find a tour of minimum cost. We assume
that every two cities are connected. We can model the cities as a
complete graph of n vertices, where each vertex represents a city.
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Unit-05

Problems

Solvable Unsolvable

Solvable problems - A problem is said to be solvable if we know either
there exists a solution or we are able to prove mathematically that the
problem cannot be solved.

Unsolvable problems — A problem is said to be unsolvable if we know
neither there exists a solution nor we are able to prove mathematically
that the problem cannot be solved. It means that in the future we will
have all problems currently in unsolvable domain in solvable domain for
sure. For example, time complexity of Shell sort.

Solvable Problems

Decidable Problems Undecidable Problems
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Decidable Problems — A problem is said to be decidable if we are able to
predict the time to solve the problem. It means that we have an
algorithm as well as procedure to solve the problem. For example,
sorting problem.

Undecidable Problems — A problem is said to be undecidable if we are
not able to predict the time to solve the problem. It means that we have
only procedure to solve the problem but not an algorithm- which is used
to predict the time. For example, if | ask ,” Is it possible to become the
PM of India?” Answer is yes as we have a certain procedure to become
the PM of India, but the time for this problem cannot be predicted.

Q 1. Explain the complexity classes P, NP, NPC and NP hard. How are
they related to each other?

P class — P stands for polynomial. It is a set of problems which can be
solved as well as verified in polynomial time. Linear Search O(n) , Binary
Search O(logn), Merge Sort O(nlogn), Heap Sort O(nlog), etc., are the
examples of algorithms which solve the problem in polynomial time.

Note - Whatever algorithms we studied before dynamic programming
belong to P class only.

NP class — NP stands for non-deterministic polynomial. It is a set of
decision problems for which there exists a polynomial time verification
algorithm. For example, for TSP, so far ( we don’t know about future),
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we have been unable to find out any polynomial time solution but then,
given a solution of a TSP, we can verify it in polynomial time.

Note — If a problem belongs to P, then by default, it also belongs to NP
because it can be verified in polynomial time, but vice versa does not hold
good.

NP

As of now, NP minus P (NP-N) problems have been unable to be solved
in polynomial time. We don’t know if these problems ( TSP, 0/1
Knapsack, etc.) can be solved in polynomial time in the future or not.

NP hard class — If every problem in NP can be polynomial time reducible
to a problem “A”, then ‘A’ is called NP hard. If “A” could be solved in
polynomial time, then by default, every problem in NP would become P.

NP complete class — A problem is said to be NP complete if it is NP as
well as NP hard.

NP NP hard
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Fig - How P, NP, NP hard and NP complete are related to each other.

Q2. What are approximation algorithms? What is meant by P (n)
approximation algorithms? Discuss approximation algorithm for Vertex
cover problem.

An approximation algorithm is a way of dealing with NP-
completeness for an optimization problem. This technique does not
guarantee the best solution. The goal of the approximation algorithm is
to come as close as possible to the optimal solution in polynomial time.

Some problems solved by approximation algorithm :
1. The Vertex Cover Problem
2. Travelling Salesman Problem
3. The Set Covering Problem
4. The Subset Sum Problem

If an algorithm reaches an approximation ratio of P (n), then we call it a P
(n)-approximation algorithm.

C = Cost of solution
C*= Cost of optimal solution

« For a maximization problem, 0O< C < C*, and the ratio of C*/C
(approximation ration) gives the factor by which the cost of an
optimal solution is larger than the cost of the approximate algorithm.

. For a minimization problem, 0< C* < C, and the ratio of C/C* gives the
factor by which the cost of an approximate solution is larger than the
cost of an optimal solution.

Vertex Cover Problem — Given an undirected graph, the vertex cover
problem is to find minimum size vertex cover. Although the name is
Vertex Cover, the set covers all edges of the given graph. It is a
minimization problem because we have to find a set of vertices
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containing minimum number of vertices covering all edges of the given
undirected graph.

Approximation algorithm for vertex cover problem

APPROX-VERTEX-COVER(G)

I C =0

2 E'=GE

3 while E'# @

4 let (1. v) be an arbitrary edge of E’

5 € =€CUiuv}

6 remove from E’ every edge incident on either u or v
7 return C

Example —

) &)
O 9

Solution —
Line 1. C = solution set, which is empty in the beginning.

Line 2. E ={(a, b), (a, ¢), (c, d), (b, d), (d, e)}// set of edges
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Line 3. WhileE' | = empty
Line 4. Add an arbitrary edge from E "in the solution set on line 5.
Suppose we consider (a, b) from E’, then
Line5. C=CU{a, b}

C={a, b} // As of now solution set contains two vertices
Line 6. Remove every edge incident on either a or b vertex. Therefore,
Remove the following edges from E ":
(a, b), (b, c), and (a, c) [ These three edges are incident on a and b. ]
Now, E' ={(c, d), (b, d), (d, e) }

As E ' is not empty, add another arbitrary edge from E 'in the solution
set C. Let’s take the edge (c, d) now.

C={a, b,c d}

Using line number 6, remove every edge incident on either vertex c and
d. Therefore, remove (c, d), (b, d) and (d, e) from E . E " is empty now,
so return C using line number 7, which contains four vertices a, b,
c, and d.

Cis a set of minimum number of vertices, which covers all edges.

Randomized algorithm — Algorithms using random numbers to decide
what to do next anywhere inits logic is called Randomized Algorithm. For
example, in Randomized Quick Sort, we use a random number to pick
the next pivot (or we randomly shuffle the array). Typically, this
randomness is used to reduce time complexity or space complexity in
other standard algorithms.
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String Matching Algorithms

String matching algorithms, sometimes called string searching
algorithms, are an important class of string algorithms that try to find
a place where one or several strings ( also called pattern ) are found
within a large string or text. For example,

If textarray= T[1...n]and patternarray= P[1...m], then we have
to find out P in T. Therefore, length of P must be less than or equal to T.
Both the pattern and searched text belong to > (set of alphabets), and
it can contain either English alphabet ( finite set) or binary number ( 0
and 1).

We have the following algorithms to search a patter in the given text:

1. Naive String-Matching Algorithm.

2. Rabin-Karp String Matching Algorithm

3. Finite Automata String Matching Algorithm

4. Knuth-Morris-Pratt (KMP) String Matching Algorithm

Naive String-Matching Algorithm

The naive approach tests all the possible placement of Pattern P
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Algorithm

NAIVE-STRING-MATCHER (T, P)
1. n « length [T]
. m « length [P]

do if P [l...m] =T [s + 1....5 + m]

2

3. for s « 0 to n -m

4

5. then print "Pattern occurs with shift" s

Find an example on the next page.
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Rabin-Karp String Matching Algorithm

The Rabin—Karp algorithm is a string-searching algorithm created by Richard
M. Karp and Michael Rabin (1987) that uses hashing to find an exact match of a
pattern string in a text. They suggest the hash function by choosing a random

prime number q and calculate p[ 1 ..... m ] mod q.
Algorithm
RABIN-KARP-MATCHER(T. P.d.q)
| n = T.length
2 m = Plength
3 h=d" "' modgq
4 p=20
3 =20
6 fori = ltom // preprocessing
7 p = {dp+ Pli]) mod g
8 Iy = {.-I'.TI."I“ +T [I}} mod i
9 fors =0ton—m // matching
10 if p==1,
i1 it P[1..ml==T[s+1..5+m]

12 print *Pattern occurs with shift” =
13 ifs <n—m
14 togg = dt;, —Tls+ 1)+ T[s +m + 1]) mod g

Q 3. For g = 11, how many valid and spurious hits are found for
the given Text and Pattern:

T=3141592653589793

P= 26

Solution —
Step-1 Find pmodq
26%11=4
Step-2 As “p” contains a 2 digits number, find mod 11 of each 2

digits number from T as follows:
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T=3141592653589793

31mod11= 9
14 mod11= 3
41 mod1l= 8
15mod1l= 4
59mod11= 4
92 mod 11= 4
26 mod 11 = 4
65 mod 11 = 10
53mod11= 9
35mod11= 2
58 mod1l= 3
89 modll=1
97 mod11= 9
79mod1l1= 2
93mod1l1=5

We consider only the number which gives us 4 after performing
mod 11. Therefore, we have :

15mod11= 4
59mod1l= 4
92 mod 11= 4
26 mod 11 = 4

Three spurious hits in yellow and one valid hit in red.
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Finite Automata Based String Matching Algorithm

For a given pattern P, we construct a string-matching automaton in a
preprocessing step before using it to search the text string.

Algorithm
FINITE-AUTOMATON-MATCHER(T, 6, m)

1 n = T.length

2 =1

3 fori =1ton

4 g = 6(q.Tli])

5 if g ==m

6 print “Pattern occurs with shift” i —m

For the pattern p = abcd
Prefixes of P = a, ab, abc, abcd [ started from the left side ]
Suffixes of P = d, cd, bcd, abcd [ started from the right side]

In order to specify the string-matching automaton corresponding
to a given pattern p[1... m], we first define an auxiliary function o
, called suffix function. o(x) is the length of the longest prefix of p
that is also a suffix of x. For example,

For the pattern p = abab and x = aba
o(x) = 7?

“a” is a suffix of x as well as a prefix of p
“aba” is a suffix of x as well as prefix of p.
Length of “@” =1
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Length of “aba” =3
Therefore, o(x) = 3

Example — T = {abababacaba} and p ={ababaca}

Solution — Pattern length (m) =7
Number of states=m+1 =8

Q={qo,..., a7}
>={a,b,c}

Prefixes of P ={ a, ab, aba, abab, ababa, ababac, ababaca}
Now, we can create a transition table for P using suffix function o.
Transition function5: Qx> =2 Q

ou_n

8(o, a) = o(a) =1 (since “@” is a prefixin P and a’s length is 1)

3(do, b) = o(b) =0 ( No transition as “b” is not a prefix in P)
3(fo, ¢) = o(c) = 0 ( No transition as “c” is not a prefix in P}
5(d1, a) = o(aa) =1 (only single “a” is a prefix in P)

5(q1, b) = o(ab) =2 ( “ab” is a prefix in P and its length is 2)

8(g1, ¢) = o(ac) = 0 ( No transition as “ac” is not a prefix in P)

5(q2, a) = o(aba) =3 ( “aba” is a prefix in P and its length is 3)
5(q2, b) = o(abb) =0 ( None of its suffixes ( b, bb and abb) is in P)
5(g2, ¢) = o(abc) = 0 ( None of its suffixes ( ¢, bc and abc) is in p)
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ou_n”n

3(g3, a) = o(abaa) =1 (Among suffixes (a,aa,baa,abaa) only “a” is a
prefix in P and its length is 1)

5(g3, b) = o(abab) =4 ( “abab” is a prefix in p and its length is 4)
5(gs, ¢) = o(abac) =0(among all suffixes ( c, ac, bac, abac), none is
there in p; therefore, no transition)

5(ga, a) = o(ababa) =5 (“ababa” is a prefix in p and its length is 5)
5(qa, b) = o(ababb) =0 (among all suffixes , none is there in p)
5(qa, ¢) = o(ababc) =0 (among all suffixes , none is there in p)

3(gs , a) = o(ababaa) = 1( among all suffixes ( a, aa, baa, abaa,
babaa, ababaa) only “a” is prefix in p and its length is 1)

5(gs , b) = o(ababab) = 4 ( among all suffixes ( b, ab, bab, abab,
babab, ababab) the longest prefix “abab” is in p and its length is 4)
3(gs , c) = o(ababac) = 6 (“ababac” is a prefix in p and its length is
6)

3(gs , @) = o(ababaca) =7 (“ababaca” is a prefix in p and its length
is 7)

5(gs , b) = o(ababacb) =0

3(gs, ¢) = o(ababacc) =0

8(q7, a) = o(ababacaa) = 1( among all suffixes( a, aa, caa,....) only
“a” isin p)

5(q7, b) = o(ababacab) =2 (among all suffixes ( b, ab, cab, ...) only
abisinp)

5(g7, ¢) = o(ababacac) = 0 (None of the prefixes is there in p)
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Knuth-Morris-Pratt (KMP) String Matching Algorithm

KMP is a linear time string matching algorithm. It uses concept of prefix and suffix
to generate I table.

KMP-MATCHER (T, P)

1.
2

3

4
5.
6

7
8.
9.
10.

11.
12.

n — length [T]

m « length [P]

[I— COMPUTE-PREFIX-FUNCTION (P)

q < 0 // numbers of characters matched
for 1 « 1 to n// scan S from left to right

do while g > 0 and P [g + 1] # T [1]

do g « II [g] // next character does not match

If P [g+ 1] =T [i]
then g « g + 1 // next character matches

If g=m // is all of p matched?
then print "Pattern occurs with shift" i - m

g« I [gq] // look for the next match

COMPUTE- PREFIX- FUNCTION (P)

[

m «length [P] //'p' pattern to be matched
I [1] <« 0

k « 0

for g « 2 tom

do while k > 0 and P [k + 1] # P [q]

do k « II [k]

If P [k + 1] = P [q]

then ke k + 1
I [gq] < k
Return II
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Q 4. Compute the prefix function n for the pattern
ababbabbabbababbabb when the alphabetis > ={a, b}.

n-Itis also called the longest prefix which is same as some suffix
(LPS).

Index |1|{2|3/4|5|6(7|8|9/10|11(12|13|14|15/16|17 18|19

P albla/blblalb|bjalb |b |a |b |a |b |b |a |b |b

n oo0/j1/2/{0/1(2|0|1(2 |0 |2 (2 (3 |4 |5 |6 |7 |8

Note — Use the short-cut trick to prepare LPS or I table in the exam.

Fast Fourier Transform (FFT)

An FFT algorithm computes the discrete Fourier transform (DFT) of a
sequence or its inverse DFT in time O(nlogn).
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